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Abstract--A three-dimensional model of temperatures and currents has been formulated to 
assist in the analysis and interpretation f the dynamics of stratified lakes. In this model, 
nonlinear eddy coefficients for viscosity and conductivities are included. A two-dimensional 
model (one vertical and one horizontal coordinates) which includes coriolis forces, has also 
been formulated. Specific examples have been calculated using both models to show the 
general characteristics of thermocline formation, maintenance and decay. In order to 
understand the effect of various parameters, as well as the influence of basin geometry, 
extensive numerical experimentation has first been performed using the two-dimensional 
model. Based on this experience, three-dimensional c lculations were performed for a simple 
geometry, square, constant depth basin. It is shown that the two-dimensional model can 
effectively simulate the dynamics of stratified flows for a large range of conditions at a much 
lower computational expense. Calculations for an irregular geometry approximating that of 
the Central Basin of Lake Erie are also presented and compared with two-dimensional 
calculations over cross-sections of the basin. Thermocline depth and hypolimnion tem- 
peratures are shown to be dependent on heat flux, wind stresses and the basin geometry. 
1. INTRODUCTION 
The structure of the currents and the dynamics of transport processes in shallow bodies of 
water are examples of physical phenomena for which our need of better understanding 
becomes ever more urgent. Hydrodynamic models of circulation and transport are, at the 
present ime, important ools for both engineers and scientists attempting to understand many 
complex physical, chemical and biological processes that take place in shallow bodies of 
water. Under simplified isothermal conditions, the currents and transport processes are 
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basically well understood, even though the actual utilization of this knowledge may leave 
much to be desired. On the other hand, when density effects are significant and both currents 
and transport processes are affected by stratification, our understanding of the basic dynamics 
is not as good. 
In an effort to improve our understanding of the principles governing stratified flows, two- 
and three-dimensional hydrodynamic models have been developed which are time-dependent, 
and include Coriolis forces and nonlinear eddy viscosities and diffusivities in the vertical 
spatial direction. These models have been used to study the basic characteristics of 
thermocline formation, maintenance and decay in the central basin of Lake Erie. 
Most practical applications generally require a full three-dimensional analysis because of 
complex geometries and topographies. However, three-dimensional models are generally 
computationally time-consuming, difficult to implement and use, and the results are 
sometimes difficult to interpret. On the other hand, two-dimensional models can be 
computationaUy efficient, and their results are generally qualitatively correct and are often 
quantitatively accurate. 
It is our purpose in this paper to present wo and three-dimensional umerical simulations 
of variable-density lake circulation for the central basin of Lake Erie during spring and 
summer conditions. The validity of the results obtained using the two-dimensional model 
under certain circumstances i demonstrated. The qualitative correctness of the two- 
dimensional model is shown and exceptionally good quantitative agreement with the 
three-dimensional model is obtained. 
2. HYDRODYNAMIC MODEL 
The equations used in these analyses are the basic conservation equations for mass, 
momentum and energy. The following assumptions are made: 
(i) The hydrostatic pressure approximation i the vertical momentum equation is made 
(see, e.g., [1]-[5]). 
(ii) The rigid-lid approximation, that the vertical velocity, w, is zero at z = 0, is made. 
This approximation has been discussed in Refs. [6]-[8] and has the effect of eliminating 
surface gravity waves and the small time and space scales associated with them. This 
can result in substantial computational savings for our application. 
(iii) The Boussinesq approximation, that density variations are small enough to affect only 
the gravitational acceleration term, is assumed valid. 
(iv) Eddy coefficients are used to account for turbulent diffusion effects. The horizontal 
eddy viscosities and conductivities are assumed constant. In the vertical direction, a 
simple nonlinear turbulence model has been developed based on a stability function 
which depends on the local stratification. The vertical eddy viscosity is given by 
,'1o(Cl + c~ e -'/°) 
A = ( gotD2 e.~/o aTOm/2, (1) 
and the vertical eddy conductivity is
K0(cl + c: e -'/°) 
Ko f (2) 
Here A0 and K-0 are the vertical eddy viscosity and conductivity in the absence of 
stratification and are assumed to be equal; ct, c2, al, 62, and D are empirical constants; 
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fw is the surface wind stress; and ~t is the coefficient of thermal expansion for water, 
assumed to be a function of the temperature. Similar models have been used in Refs. 
[9] and [10]. Full details on the above turbulence model can be found in Ref. [11]. 
(v) The density is assumed to be a function of the temperature only since pressure 
variation effects are an order to magnitude smaller than those for the temperature (see, 
e.g., Refs. [7] and [12]). 
(vi) The additional assumptions of zero heat flux to the sediments and of no mass fluxes 
in and out of the lake are made. These are reasonable first approximations; however, 
in more detailed quantitative analyses, these effects could be significant and can be 
included. 
The resultant equations are: 
OU OU 2 dUO OUW 
Ot +-~xx +-~yy +-~z -- fv . . . .  
Ov Our Ov 2 Ovw 
at + -~x-x + "-~y-y + "~z-z +f  u=- -  
dT OuT OvT OwT 
o-i +-fix + o--7 
Ou Ov dw 
0x + + Tz --- 0, (3) 
prOX+~"X Att~x "F-~y~AH~y)+~Z AI,,~Z , (4) 
or, 
O---z = -- Pg' (6) 
ox~Kn~--x) Kn + Kv (7) = -  , 
p = p(T) .  (8) 
In the above equations, u, v and w are the fluid velocities in the x, y and z directions, 
respectively; t is t ime;f  is the Coriolis parameter; p, is the reference density; p is the pressure; 
An is the horizontal eddy viscosity; Av is the vertical eddy viscosity; g is the gravitational 
acceleration; p is the density; T is the temperature; Ku is the horizontal eddy conductivity 
and Kr is the vertical eddy conductivity. 
The boundary conditions at the air-water interface are applied at the undisturbed water 
surface, z = 0, and are 
(i) Specified wind stresses: 
du 
Tx = pAr -~z (in x-direction), (9) 
0v 
~y = pAr -~z (in y-direction). (10) 
(ii) w = 0 (rigid-lid). 
(iii) Specified heat flux: 
( l l)  
-Kv  dT (12) 
q= dz" 
At the sediment-water interface, z = -h ,  where h(x, y)  is the depth, the boundary conditions 
are 
(i) No fluid motion: 
u = v = w =0.  (13) 
(ii) Either zero heat flux or continuous heat flux across the sediment-water interface. 
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3. TWO-DIMENSIONAL APPROXIMATION 
The two-dimensional model assumes that the flow properties vary only along one 
horizontal direction (say x) and in the vertical direction, but not in the other horizontal 
direction. The Coriolis force cannot be neglected for the length scales over which the 
calculation will be made and is retained in the equations. This force induces a flow in the 
y direction. For our analysis, the net flux in the y direction is assumed to be zero. A pressure 
gradient in the y direction, which is independent of x and z, is determined by this last 
condition. The two-dimensional equations become 
0u aw 
d-~ + ~z = 0, (14) 
Ou Ou 2 duw 10,+_~O [ On\ O (Ou)  
-iv . . . .  0 ,0x  o5) 
Ov Our Ovw p, ap + d_O_: Ov'~+ d-d-(A,-~zz)_ - (16) oS + f u . . . .  0,, 
o= Oz ' 
at, 
Oz = -- Pg' (17) 
o---i+-ffx +  --7=Ox X" x +gz\ N) (18) 
p = p(T), (19) 
~f=vdxdz=O,  (20) 
where R denotes the two-dimensional cross-section i the x-z plane. The two-dimensional 
approximation should be valid for cross-sections away from the ends of the lake and for 
bottom topographic variations that are not pronounced in the y direction. These conditions 
are quite appropriate for cross-sections along the middle of the central basin of Lake Erie. 
4. NUMERICAL MODEL 
In order to simplify the discretization of irregular geometries and to guarantee that an 
adequate l vel of refinement will be maintained in the shallow areas, a coordinate trans- 
formation is made. This maps the two or three-dimensional geometry into a uniform, unit 
depth basin. This transformation is given by 
X -+X,  
y->y, 
Z 
Z ' - *  
h(x,y) 
~---Or, 
.(21) 
where h(x, y) denotes the local depth. This permits the use of a regular grid in the z direction. 
The differential equations are discretized using an integral method such as suggested in
[13]. Central differencing is used to approximate all derivatives. A simplified marker and cell 
(SMAC) procedure, which is a modification of the one introduced in Ref. [14], is applied to 
the discretized form of the equations. This allows explicit reatment of the quantities varying 
in the x and y directions, while keeping the Coriolis and vertical diffusivity terms implicit in 
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time. This is important because xplicit treatment of the vertical diffusion terms would lead 
to prohibitively small time step limitations. For example, explicit treatment of vertical 
diffusion for Lake Erie limits the maximum time step to about 20 sec, while keeping it implicit 
permits time steps on the order of 5000 sec. For studying the dynamics of stratification in 
lakes, the time periods of interest are on the order of two to four months. Therefore, this 
method provides an important improvement in the efficiency of the numerical algorithm. A 
more detailed account of the present algorithm can be found in Ref. [7]. 
5. RESULTS 
Two examples are presented to demonstrate the validity and limitations of the two- 
dimensional approximation i studying the dynamics of stratification in lakes. 
The first example involves an idealized square lake of horizontal extent 100 km and of 
uniform depth of 22 m. This can be considered a very simplified three-dimensional approx- 
imation to the Central Basin of Lake Erie. The geometry and axial system are depicted 
in Fig. 1. The parameters used in the calculations were a 16 x 16 grid in the x-y 
plane (Ax = Ay = 6.67 km), 13 grid points in the z direction (Az = 1.8 m), a time step of 
5000sec, Ah,=Kn= 106cm2/sec, and f= 10-4sec-L In the turbulence model, we used 
A0 = K0 = 15 cm2/sec, c~ = 0.5, c2 = 1.5, D = 900 cm, and a I = a 2 = 0.00225. A constant wind 
shear, Tx=-0 .75dynes /cm 2, and %.=0, and constant heat flux at the surface, 
q = 0.0003 cal/cm 2sec, were chosen as an approximation to the physical conditions in the 
Central Basin of Lake Erie during the spring. More details on the choice of both the empirical 
and physical parameters can be found in Ref. [11]. The initial conditions were uniform zero 
velocities and a uniform temperature of 6°C. For t > 0, the specified wind shear stress and 
surface heat flux were applied. 
Results are presented after 60 days of simulations, when a thermocline has set up and the 
lake is under fully stratified hydrodynamic onditions. For comparison with the two- 
dimensional results, the three-dimensional cross-sections at x = 50 km and y = 50 km are 
presented. Figures 2(a) and 2(b) show results for the three-dimensional velocity fields along 
the constant x-section and the constant y section. The two and three-dimensional results 
cannot be distinguished in these plots. A comparison of the horizontal velocity vertical 
profiles for the center of the lake and at locations close to the shores are shown in Figs. 2(c) 
I00 K,m/ / "  / . / /  
/ /  
;/2" 
;m "y 
22m I 
Z 
Fig. I. Dimensions and axial system for idealized square lake, Also indicated are the wind direction and the 
cross-section where comparisons with the two-dimensional model are made. 
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Fig. 2(a). Velocity fields for idealized lake after 60 days of real-time simulation: x = 50 km cross-section. Solution 
obtained with the three-dimensional model (identical with two-dimensional solution). 
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Fig. 2(b). Velocity fields for idealized lake after 60 days of real-time simulation: y = 50 km cross-section. Solution 
obtained with the three-dimensional model (identical with two-dimensional solution). 
and 2(d). The agreement is seen to be excellent. Figure 3 shows the thermal structure at 60 
days for the same cross-sectional planes. For this simple case, we see that the agreement 
between the two-  and three-dimensional models  is exceedingly good.  The two-dimensional  
solut ions were obtained at a fraction o f  cost o f  the three-dimensional calculation. The 
two-dimensional  model  needed an average 0.057 CPU seconds per t ime step, while the 
three-dimensional model  needed an average 0.603 CPU seconds per t ime step, a factor of  10.6. 
The calculations were run for a total o f  1040 t ime steps. 
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Fig. 2(c). Velocity fields for idealized lake after 60 days of real-time simulation: Velocity profiles at three locations 
in the x = 50 km cross-section; plots for v-velocity component. 
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Fig. 2(d). Velocity fields for idealized lake after 60 days of real-time simulation: Velocity profiles at three locations 
in the y = 50 km cross-section; plots for u-velocity component. 
The capability of the two-dimensional model to reproduce so closely the three-dimensional 
results will not necessarily hold for longer periods of time. However, in this case, we see that 
it is extremely accurate for a significant length of time, namely, 60 days. 
The second example involves a more accurate representation f the Central Basin of Lake 
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Fig. 3(a). Thermal structure for idealized lake after 60 days of simulation: x = 50 km cross-section; three-dimensional 
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Fig. 3(b). Thermal structure for idealized lake after 60 days of simulation: y = 50 km cross-section; three-dimensional 
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Fig. 3(d). Thermal structure for idealized lake after 60 days of simulation: y = 50 km cross-sariott; two-dimension; 
model. 
Erie. The geometry and bottom topography ior the lake are shown in Fig. 4, where the are, 
under consideration is also indicated. The computational mesh used is shown in Fig. 5. Thl 
calculation utilized a 26 x 17 x 13 grid in the y, x, and z directions, respe&veIy, and bar 
Ax = Ay = 6.25 km and a maximum depth of 27 m. Although the resolution in this example 
especially in the x-y plane, may appear rather coarse, previous experiments [151 have showz 
that this is quite adequate to reproduce the main charac&ristics of thermocline dynamics. WI 
also assumed solid boundaries at the ends of the basin, which is a good approximation fo. 
the length of time the calculations are performed for. Figure 5 also indicates the cross-section! 
where the two-dimensional calculations were made. These are at x = SO frm and y = 75 km 
Fig. 4. Geometry and topography of lake Erie. The shadowed area indicates the region modelled. 
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The same parameters u ed in the first example were used here. However, the direction of 
the applied wind stress was changed to approximate he predominant winds over the lake 
during spring. This was done by cyclically changing the direction of the wind every 5.79 days 
(or 100 time steps) between the positive x-direction, positive y-direction and negative 
x-direction, The wind stress magnitude was kept constant at Izw[ = 0.75 dyne/era 2. Results are, 
again, presented after 60 days of real time or 1040 time steps. 
In this example, some differences can be distinguished between the two and three- 
dimensional results. These differences increase as time advances and are more noticeable for 
the shorter cross-section. The velocity fields for the cross-section at y = 75 km show 
qualitative as well as quantitative differences, as can be seen in Figs. 6(a) and 6(b). This is 
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Fig. 6(a). Velocity fields after 60 days for the Lake Erie Central Basin application: y = 75 km cross-section; 
three-dimensional model. 
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Fig. 6(b). Velocity fields after 60 days for the Lake Erie Central Basin application: y = 75 km cross-section; 
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not the case, however, for the other cross-section where the velocity fields are almost 
indistinguishable. Figure 6(c) shows the velocity field at x = 50 km obtained with the 
two-dimensional model. In Fig. 6(d), the horizontal velocity vertical profiles at the center of 
the plane are compared. 
More significant differences are observed in the temperature fields, where the three- 
dimensional results consistently show weaker stratification than the two-dimensional model. 
This shows up in the two-dimensional results as lower temperatures in the hypolimnion and 
higher epilimnion temperatures. This is explained by the lack of horizontal convection in the 
second horizontal direction in the two-dimensional model. The three-dimensional model 
produces convective heat transport from the epilimnion to the hypolimnion in both 
horizontal directions, while the two-dimensional model allows no variations in the direction 
perpendicular to the cross-section. Examination of the hypolimnion velocities hows that the 
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Fig. 6(c). Velocity fields after 60 days for the Lake Erie Central Basin application: x = 50 km; two-dimensional 
model. 
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time scale associated with horizontal convective heat transport is on the order of 40 days, 
while for the previous example it is on the order of 120 days. This is why the effect of 
convection in the second horizontal direction is not yet observed in the previous results. 
It is also clear from the two examples that topographic variations play an important role 
in determining the magnitude of horizontal velocities in the hypolimnion. This had already 
been observed for the two-dimensional case in [11] and [15]. 
Figure 7 shows the time history of the temperature for two points at the intersection of 
the two planes, i.e., x = 50 km and y = 75 km. The points were chosen with one in the 
epilimnion at a depth z = 14.8 m and one in the hypolimnion at a depth z = 23.3 m. It can 
be seen from Fig. 7 that for a short period of time (ten to fifteen days) all of the calculations 
are in good agreement. After that, the stronger temperature gradients in the two-dimensional 
case cause stratification to set up at an earlier time than in the three-dimensional case; the 
differences increase rapidly from there on. In Fig. 7, we can also observe in the hypolimnion 
temperature some movement of the thermocline due to changes in the wind direction. Finally, 
Fig. 8 shows the thermal structure of the lake in the cross-sections after 60 days. A 
considerable difference can be observed between the two and three-dimensional results. 
In this example, the average CPU time per time step for the two-dimensional model was 
0.100 sec for the x = 50 km cross-section and 0.052 sec for the y = 75 km cross-section. The 
three-dimensional model required an average of 1.887 CPU seconds per time step, factors of 
18.83 and 36.06, respectively. 
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Fig. 8(a). Thermal structure after 60 days for the Lake Erie Central Basin application: x = 50 km cross-section; 
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Fig. 8(b). Thermal structure after 60 days for the Lake Erie Central Basin application: y = 75 km cross-section; 
three-dimensional solution. 
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6. CONCLUSIONS 
A two-dimensional pproximation of stratified lake circulation has been tested against a 
fully three dimensional model to assess the validity of the approximation. It was demon- 
stratcd that the two-dimensional pproximation is quite valid over an appropriate time scale, 
which is dependent on the transverse convection, geometry and topography. 
The results obtained in this study should in general be applicable to other types of flow 
simulations where the two-dimensional pproximation is appropriate. The practicality of a 
two-dimensional model has become clear: It can be used more efficiently for studying the 
dynamics of a flow and for evaluating the effects of various parameters on the flow. 
The present study has shown that important information about the dynamics of flows can 
be obtained by appropriate use of a computationally efficient and easy to use two-dimensional 
hydrodynamic model. Fully three-dimensional calculations can be reserved to make final 
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calculat ions,  af ter  numer ica l  exper imentat ion  has been per fo rmed with the two-d imens iona l  
model .  O f  course,  there are app l icat ions  where a two-d imens iona l  approx imat ion  is not  
appropr ia te  and on ly  a three-d imens iona l  mode l  wou ld  give adequate  in fo rmat ion  about  the 
dynamics  o f  the flow. 
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